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Time Parameterizations in Cluster Randomized Trial Planning
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ABSTRACT
Models for cluster randomized trials conducted over multiple time periods should account for underlying
temporal trends. However, in practice there is often limited knowledge or data available to inform the choice
of time parameterization of these trends, or to anticipate the implications of this choice on trial planning. In
this article, we establish a sufficient condition for when the choice of time parameterization does not affect
the form of the variance of the treatment effect estimator, thereby simplifying the planning of these trials.
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1. Introduction

In a cluster randomized trial, groups of subjects, or clusters, such
as hospitals, schools, or villages are randomized to intervention
or control treatments. When planning a cluster randomized
trial conducted over multiple periods, it is now well-recognized
that it is necessary to allow for underlying temporal trends by
including one or more terms in the statistical model for the likely
effect of time on the outcome (Hemming et al. 2015). There are
multiple potential choices for the parameterization of time in the
model: separate time effects for each treatment period, a linear
term for time, or even more complex fractional polynomial or
spline forms for time. However, there may be limited data or
knowledge available to help guide this choice. In this article,
we delineate the situations in which the precise choice of time
parameterization does not alter the variance of the treatment
effect estimator, a key component of sample size calculations at
the planning stage of a trial.

Models for cluster randomized trials tend to treat time as
discrete, accounting for broad changes in subjects’ outcomes
over the treatment periods and allowing for the correlation
between subjects’ outcomes in a cluster to depend on subjects’
periods of measurement (Hooper et al. 2016). Time could be
treated as discrete for several possible reasons: the trial measures
groups of subjects within each cluster simultaneously at discrete
intervals (e.g., the Devon Active Villages Evaluation (DAVE)
trial (Solomon et al. 2014) where subjects received question-
naires about their physical activity at discrete times throughout
the trial), subjects’ outcomes are only available at an aggregate
level over each period (Maxwell et al. 2017), or to enable a simple
analysis using cluster-period summary data.

In other situations, it may be more natural to consider con-
tinuous time such as through the use of time parameterizations
that depend on subjects’ measurement times or by accounting
for subjects’ measurement times when modeling the similarity
between subjects’ outcomes in a cluster, that is, the within-
cluster correlation structure. Continuous-time models for clus-
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ter randomized trials have not yet been considered extensively
in the literature (Grantham et al. 2019), yet the model provides
a more general framework and so it is useful to also consider
continuous time in this article. This article is organized as fol-
lows: in Section 2 we introduce a discrete-time model for cluster
randomized trials, some common time parameterizations, and
a theorem giving a sufficient condition for when the variance of
the treatment effect estimator expression is invariant to the cho-
sen time parameterization. Section 3 outlines the implications
for trial planning for several cluster randomized trial designs.
We then explain how the model and results would change under
a continuous-time framework in Section 4 and provide some
concluding remarks in Section 5.

2. Cluster Randomized Trials and Time
Parameterizations

2.1. Trial Configuration

Consider a cluster randomized trial on N clusters, where the
trial duration is divided into T discrete treatment periods. The
allocation of clusters to the intervention or control condition
may change with each period, depending on the design chosen.
Each possible set of conditions over the trial is a potential
treatment sequence, and a trial design is characterized by its par-
ticular set of treatment sequences. Let Xij denote the treatment
indicator (0 = Control, 1 = Intervention) for cluster i = 1, . . . , N
in period j = 1, . . . , T and let Xi = (Xi1, . . . , XiT)′ be the
treatment sequence for cluster i. We assume an equal number
of subjects m are measured in each cluster in each period:
these subjects may be measured repeatedly (i.e., in multiple
treatment periods as in a cohort design (Copas et al. 2015))
or just once. Unless otherwise stated, we will assume that each
subject is measured just once, in one period only, and hence
that a different set of subjects is measured in each period. We
explicitly consider cohort designs in Section 2.3.

© 2019 American Statistical Association
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Figure 1. Sets of treatment sequences for cluster randomized trial designs with six clusters and four periods. The rows of each block are the treatment sequences assigned
to each cluster (0 = Control, 1 = Intervention) and the columns mark the periods of the trial.

Common cluster randomized trial designs include the par-
allel, parallel with baseline, cluster randomized crossover, and
stepped wedge designs. Figure 1 depicts example schematics
for each of these four trial designs. In a parallel design, half
of the clusters implement the control condition and the other
half implement the intervention condition for the entire trial. A
parallel with baseline design is a variation of the parallel design
whereby all clusters initially implement the control condition
for at least one period, before half of the clusters switch to
implementing the intervention condition. A cluster randomized
crossover design typically has treatment sequences that alternate
between the intervention and control with each subsequent
period, with half of the clusters implementing the control in the
first period and the other half implementing the intervention in
the first period. In a classic stepped wedge design, all clusters
implement the control condition in the first period, and clusters
switch over to the intervention condition in a staggered manner
until the last period, in which all clusters implement the inter-
vention condition.

2.2. Discrete-Time Model and Variance Expression

We consider continuous outcomes, and assume the measured
outcome Yijk from cluster i = 1, . . . , N in time period j =
1, . . . , T corresponding to subject k = 1, . . . , m can be repre-
sented by the following model

Yijk = Zjβ + Xijθ + Cij + eijk, (1)

Ci = (Ci1, Ci2, . . . , CiT)′ ∼ N(0, W), eijk ∼ N(0, σ 2
e ),

where β is a p-dimensional column vector of fixed time effects
and Zj is a p-dimensional row vector specifying the form for the
fixed effects associated with period j, θ is the treatment effect
(this is the term we are interested in estimating), Ci is a T-
dimensional vector of cluster-period random effects for cluster
i in period j with T × T covariance matrix W, assumed to be
constant across all clusters, and assumed to be independent of
eijk, the subject-specific random error. Let Z = (Z1, . . . , ZT)′
be the T × p design matrix for the time effects for a cluster,
assumed common across all clusters. Note that W and σ 2

e rep-
resent (co)variation around the fixed effects Z and Xi in the
model, however, we suppress this dependence in our notation.
We return to this point in Section 3.1.

The effect of time may be modeled differently depending on
the chosen forms for Zj and β . One common choice is to assume
separate effects for each time period, with β = (β1, . . . , βT)′ and
Zj a T-dimensional row vector consisting of 1 in the jth position
and 0s elsewhere so that Zjβ = βj. Another possibility is a linear
effect of time over the trial periods, with β = (β1, β2)

′ and Zj =
(1, j) a two-dimensional row vector. As these parameterizations
depend on the trial periods j = 1, . . . , T, the dimension of Zj
will be less than or equal to T.

Several different forms for the within-cluster covariance
matrix W could be considered: one in which the correlation
between any pair of subjects’ outcomes in a cluster is the same
(Hussey and Hughes 2007) or one in which the correlation
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depends on subjects’ periods of measurement. Those depending
on subjects’ periods of measurement assume that the correlation
between pairs of subjects’ outcomes decays in some manner:
either subjects’ outcomes measured in different periods are
assumed to be less highly correlated than those measured in
the same period (Hooper et al. 2016), or the correlation decays
as the time between subjects’ periods of measurement increases
(Kasza et al. 2019). All of these models treat time as discrete and
so can be collapsed to the cluster-period mean level without loss
of information, with cluster-period means Ȳij = 1

m
∑m

k=1 Yijk
(Hooper et al. 2016; Kasza et al. 2019).

Model (1) can be represented at the cluster-period mean level
in matrix form as⎛

⎜⎝
Ȳ1
...

ȲN

⎞
⎟⎠ =

⎛
⎜⎝

Z X1
...

...
Z XN

⎞
⎟⎠ (

β

θ

)
+

⎛
⎜⎝

C1
...

CN

⎞
⎟⎠ +

⎛
⎜⎝

ē1
...

ēN

⎞
⎟⎠ ,

where Ȳi = (Ȳi1, Ȳi2, . . . , ȲiT)′ is the T-dimensional vector
of mean outcomes for subjects measured in cluster i in period
j and ēi = (ēi1, ēi2, . . . , ēiT)′ is the T-dimensional vector of
mean random errors for cluster i in period j. Since we assume
cov(Ci) = cov(Ci′) = W for all i, i′ and a constant cluster-
period size m, the covariance matrix for a cluster cov(Ȳi) = V =
W + σ 2

e
m IT for all i, where IT is the T × T identity matrix.

The variance of the treatment effect estimator at the cluster-
period mean level obtained from generalized least squares
(Kasza et al. 2019) is given by

var(θ̂) =
⎛
⎝ N∑

i=1
X′

iV−1Xi − 1
N

( N∑
i=1

Xi

)′

V−1Z
(
Z′V−1Z

)−1 Z′V−1

( N∑
i=1

Xi

)⎞
⎠

−1

. (2)

Note that the design matrix for the time effects, Z, appears only
in the second component of the above expression. Also note
that sample size calculations at the planning stage of a trial are
fundamentally based on this variance expression.

2.3. Cohort Designs

A model for a cohort design could include an additional random
effect term to account for the repeated measures on each subject,
such as sik where sik ∼ N(0, σ 2

s ) (Hooper et al. 2016). The
covariance matrix for a cluster under a cohort design, Vc, would
then have the form Vc = V + σ 2

s
m J where V is the covariance

matrix from Section 2.2 and J is a T × T matrix of 1s. Note that
the theorem we introduce in Section 2.5 also holds for a cohort
design and the proof follows, with V replaced by Vc.

2.4. Time Parameterizations

Many different time parameterizations may be plausible for
a cluster randomized trial. One requirement is that the time
parameterization does not constrain any of the cluster-period
cells to zero; that is, it must be possible to obtain the mean out-
come for the control group from the chosen parameterization,

such as with separate period effects or an overall intercept term
with effects for all but one period. As discrete time parameter-
izations involve some formulation of the T periods of the trial,
the time parameterization matrix Z will have maximum dimen-
sion T. The time parameterization matrix specifying categorical
fixed effects for each period may take the form Zcat = IT ,
with β = (β1, . . . , βT)′. Note that this could be equivalently
parameterized with an overall intercept term μ so that β =
(μ, β2, . . . , βT)′ (with β1 = 0 for identifiability) and

Zcat =

⎛
⎜⎜⎜⎝

1 0 · · · 0
1 1 · · · 0
...

...
. . .

...
1 0 · · · 1

⎞
⎟⎟⎟⎠ .

Alternatively, the time parameterization specifying a linear term
for time across periods would take the form

Zlin =

⎛
⎜⎜⎜⎝

1 1
1 2
...

...
1 T

⎞
⎟⎟⎟⎠ .

Other parameterizations could also be used such as splines,
fractional polynomials, or higher order polynomials, as long as
a linear term is also included.

2.5. Effect of Time Parameterization on the Variance of
the Treatment Effect Estimator

The following theorem gives a sufficient condition for when the
variance of the treatment effect estimator is invariant to the form
of the time parameterization. Note that this theorem involves
the column space of a matrix (Strang 2006, p. 71). (A vector b
is in the column space of a matrix A if there exists a vector v
for which Av = b, that is, if there is a linear combination of the
columns of A which yields b.)

Theorem 1. Let Xi = (Xi1, . . . , XiT)′ denote the treatment
sequence for cluster i and Z denote the design matrix for
the effect of time, assumed to be identical across clusters. If∑N

i=1 Xi = (
∑N

i=1 Xi1, . . . ,
∑N

i=1 XiT)′ is in the column space
of Z then var(θ̂) is invariant to the choice of Z.

Proof. Suppose
∑N

i=1 Xi is in the column space of Z. Let P =
Z

(
Z′V−1Z

)−1 Z′V−1 = ZQ. Note that Q is a weak inverse of Z
since ZQZ = Z and hence P is an oblique projection onto the
column space of Z (Seber 2008, p. 126). Then P

(∑N
i=1 Xi

)
=(∑N

i=1 Xi
)

and so (2) becomes

var(θ̂) =
⎛
⎝ N∑

i=1
X′

iV−1Xi − 1
N

( N∑
i=1

Xi

)′
V−1

( N∑
i=1

Xi

)⎞
⎠

−1

.

Therefore, var(θ̂) is invariant to the choice of Z.

Hence, for any choice of time parameterization Z for which
the sum of the treatment sequences across clusters

∑N
i=1 Xi is
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in the column space of Z, the variance of the treatment effect
estimator var(θ̂) will remain the same, all else being equal. In the
next section, we will outline the implications for common trial
designs with an arbitrary number of clusters and periods. To
establish whether a sum of the treatment sequences vector is in
the column space of a time parameterization for a particular trial
configuration in practice, we refer the reader to the Appendix
where we provide an additional useful result and example code
to perform this check.

3. Implications for Cluster Randomized Trial Planning

3.1. Effect of Time Parameterization on Trial Planning

We have given a sufficient condition for when the time param-
eterization does not alter the variance of the treatment effect
estimator. However, the time parameterization still affects trial
planning through the estimates of the variance components
we assume: the estimates of the variance components obtained
from a model are conditional on the parameterization of time
in that model. As a result, the appropriateness of the model
specification used affects whether the variance components are
correctly estimated. For example, if the effect of time were
underspecified, such as choosing a linear term for time when
a more appropriate specification would have also included a
quadratic term, then the variance components may be over-
estimated since the time components in the model would not
have adequately accounted for the variation in the outcome
attributable to time. When obtaining estimates of the variance
components from previously published studies or by fitting
a model to administrative data, it is important that the time
parameterization adequately captures temporal effects.

3.2. Implications for Specific Designs

3.2.1. Parallel Design
A parallel design typically has half of the clusters implement
the treatment sequence (1, . . . , 1)′ and the other half of the
clusters implement the sequence (0, . . . , 0)′. The sum of these
sequences across clusters is

∑N
i=1 Xi = N

2 (1, . . . , 1)′. This vector
is in the column space of any time parameterization with an
intercept term (or any equivalent representation): a parameter-
ization with an intercept term will have a column of 1s and so
the vector

∑N
i=1 Xi can be easily obtained by multiplying this

column by the constant term N
2 and the remaining columns by 0.

Parameterizations with an intercept term include Zcat and Zlin in
Section 2.4 and so by Theorem 1 all such time parameterizations
yield the same var(θ̂). Hence, sample size expressions do not
involve the time parameterization in Z.

3.2.2. Parallel With Baseline Design
The parallel with baseline design has half of the clusters imple-
ment the control in the first period followed by the intervention,
and the other half implement the control for the entire trial, with
treatment sequences (0, 1, . . . , 1)′ and (0, . . . , 0)′, respectively.
The sum of the treatment sequences across clusters is therefore∑N

i=1 Xi = N
2 (0, 1, . . . , 1)′. Due to the presence of the 0 element

in this vector, it is not necessarily in the column space of all time

parameterizations with an intercept term unlike the parallel
design. This vector is in the column space of the time parame-
terization with fixed period effects, Zcat, since Zcatu = ∑N

i=1 Xi
for u = N

2 (0, 1, . . . , 1)′. However, it is not in the column space
of the time parameterization with a linear term for time, Zlin,
since there does not exist a vector v for which Zlinv = ∑N

i=1 Xi.
Therefore, the choice of time parameterization for such a design
may affect var(θ̂), impacting sample size calculations.

3.2.3. Cluster Randomized Crossover Design
The balanced cluster randomized crossover design with treat-
ment sequences that alternate with each period has half of the
clusters implement the treatment sequence (0, 1, . . . , 0, 1)′ and
the other half implement the sequence (1, 0, . . . , 1, 0)′. Then∑N

i=1 Xi = N
2 (1, . . . , 1)′. As with the parallel design, this vector

is in the column space of any time parameterization with an
intercept term (or equivalent representation) including Zcat and
Zlin and so any such time parameterization yields the same
var(θ̂).

3.2.4. Stepped Wedge Design
The classic stepped wedge design with an equal allocation of
clusters to each treatment sequence has sequences ranging from
(0, . . . , 0, 1)′ to (0, 1, . . . , 1)′ and so the sum of the treatment
sequences vector

∑N
i=1 Xi = N

T−1 (0, 1, . . . , T − 1)′. This vector
is in the column space of both Zcat and Zlin: Zcatu = ∑N

i=1 Xi
for u = N

T−1 (0, 1, . . . , T − 1)′ and Zlinv = ∑N
i=1 Xi for v =

N
T−1 (−1, 1)′. Therefore, either parameterization yields the same
var(θ̂). Note, however, that the sum of the treatment sequences
here has a more complex form than for the parallel and cluster
randomized crossover designs: not all time parameterizations
with an intercept term would necessarily be in the column space
of this vector.

4. Continuous-Time Framework

4.1. Continuous-Time Model and Variance Expression

We may also consider a model that allows use of continuous time
parameterizations or that can accommodate a within-cluster
correlation structure where the correlation between a pair of
subjects’ outcomes in a cluster depends on subjects’ measure-
ment times, for instance decaying as the distance between mea-
surement times increases (Grantham et al. 2019). This model
can be represented at the individual level by the following

Yijk = Zjkβ + Xijθ + Cijk + eijk, Ci ∼ N(0, S), eijk ∼ N(0, σ 2
e ),
(3)

where Zjk is a p-dimensional row vector specifying the form
for the time effect associated with subject k in period j and
Ci = (Ci11, . . . , Ci1m, . . . , CiT1, . . . , CiTm)′ is a Tm-dimensional
vector of random effects for cluster i with Tm × Tm covariance
matrix S. All other terms have the same interpretation as in
model (1).
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Model (3) can be represented at the individual level in matrix
form by

Y =
⎛
⎜⎝

Y1
...

YN

⎞
⎟⎠ =

⎛
⎜⎝

Z∗ X∗
1

...
...

Z∗ X∗
N

⎞
⎟⎠

(
β

θ

)
+

⎛
⎜⎝

C1
...

CN

⎞
⎟⎠ +

⎛
⎜⎝

e1
...

eN

⎞
⎟⎠ ,

where Yi = (Yi11, . . . , Yi1m, . . . , YiT1, . . . , YiTm)′ is the Tm-
dimensional vector of outcomes for subjects in cluster i, Z∗ is
the Tm × p design matrix for the time effects for a cluster,
X∗

i = Xi ⊗ 1m is the expanded treatment sequence for cluster i
where 1m is an m-dimensional column vector of 1s, and ei is the
Tm-dimensional vector of random errors for subjects’ outcomes
in cluster i. Note that ⊗ denotes the Kronecker product so that
Xi ⊗ 1m yields a Tm-dimensional vector with each element of
Xi repeated m times. We again assume cov(Ci) = cov(Ci′) for
all i, i′, and so the Tm × Tm covariance matrix for a cluster
cov(Yi) = V for all i.

Under this model, the vector of cluster-period means is not a
sufficient statistic for the treatment effect, and so the expression
for the variance of the treatment effect estimator must be at the
individual subject level (Grantham et al. 2019), with

var(θ̂) =
⎛
⎝ N∑

i=1
X∗′

i V−1X∗
i − 1

N

( N∑
i=1

Xi ⊗ 1m

)′

V−1Z∗ (
Z∗′

V−1Z∗)−1
Z∗′

V−1

( N∑
i=1

Xi ⊗ 1m

)⎞
⎠

−1

.

Adapting Theorem 1 to the individual level simply requires
replacing Z with Z∗ and

∑N
i=1 Xi with

∑N
i=1 Xi ⊗1m. The proof

follows similarly. With such a model, we could still consider
discrete time parameterizations, simply represented at the indi-
vidual level, such as Zcat ⊗ 1m or Zlin ⊗ 1m, or a more detailed
time parameterization such as a continuous linear effect of time,
with

Z∗
lin =

⎛
⎜⎜⎜⎝

1 t1
1 t2
...

...
1 tTm

⎞
⎟⎟⎟⎠ ,

where t1 denotes the first subject’s measurement time in a cluster
and tTm denotes the last. Note that if

∑N
i=1 Xi is in the column

space of a discrete time parameterization Z, then we also have
that

∑N
i=1 Xi ⊗ 1m is in the column space of Z ⊗ 1m. Model (3)

and the associated individual-level variance expression are sim-
ply more general than those in Section 2.2 and so we will see
in the following sections that if discrete time parameterizations
were to be considered here then the design-specific results in
Section 3 will still hold.

4.2. Implications for Specific Designs

4.2.1. Parallel and Cluster Randomized Crossover Designs
Recall that

∑N
i=1 Xi = N

2 (1, . . . , 1)′ for both parallel and cluster
randomized crossover designs, and so the sum of the treatment
sequences at the individual level is simply the Tm-dimensional
vector

∑N
i=1 Xi ⊗ 1m = N

2 (1, . . . , 1, . . . , 1, . . . , 1)′. Due to its

simple form, this vector is again in the column space of any time
parameterization with an intercept term including Zcat ⊗ 1m,
Zlin ⊗ 1m, and Z∗

lin (since Z∗
linv = N

2 (1, . . . , 1, . . . , 1, . . . , 1)′ for
v = N

2 (1, 0)′), and so any such time parameterization yields the
same var(θ̂).

4.2.2. Parallel With Baseline Design
The sum of the treatment sequences at the individual level
for a parallel with baseline design is

∑N
i=1 Xi ⊗ 1m =

N
2 (0, . . . , 0, 1, . . . , 1, . . . , 1, . . . , 1)′. As before, the common time

parameterizations do not all yield the same var(θ̂) expression:∑N
i=1 Xi ⊗ 1m is in the column space of Zcat ⊗ 1m but not in the

column space of Zlin ⊗ 1m or Z∗
lin.

4.2.3. Stepped Wedge Design
For the stepped wedge design, the sum of the treatment
sequences at the individual level is

∑N
i=1 Xi ⊗1m = N

T−1 (0, . . . ,
0, 1, . . . , 1, . . . , T − 1, . . . , T − 1)′. This vector is in the column
space of Zcat⊗1m and Zlin⊗1m, but not Z∗

lin: there does not exist
a vector u for which Z∗

linu = N
T−1 (0, . . . , 0, 1, . . . , 1, . . . , T −

1, . . . , T − 1)′ (except for the situation where Z∗
lin = Zlin ⊗ 1m).

Therefore, the choice of time parameterization under an
individual-level model for a stepped wedge design may affect
var(θ̂).

5. Concluding Remarks

In this article, we have shown that the variance of the treatment
effect estimator remains the same when certain time parame-
terizations are chosen in the cluster randomized trial models
we describe. The time parameterizations we consider are among
the standard time effect specifications in multiple-period cluster
randomized trials. Since sample size calculations take this vari-
ance as an input, this information can be used to simplify trial
planning.

The theorem we present under a discrete-time framework
concerns the vector

∑N
i=1 Xi, obtained by summing across all N

clusters’ treatment sequences for a particular trial design, and
the design matrix for the effect of time, Z, which we refer to
as a time parameterization. We show that the variance of the
treatment effect estimator expression reduces to a form that
does not involve the time parameterization matrix Z if the sum
of the treatment sequences vector

∑N
i=1 Xi can be written as

a linear combination of the columns of Z; that is, if
∑N

i=1 Xi
is in the column space of Z. Parallel and cluster randomized
crossover designs such as those depicted in Figure 1 yield a sum
of the treatment sequences vector with a simple form, namely a
constant times a vector of 1s:

∑N
i=1 Xi = N

2 (1, . . . , 1)′. As this
vector is in the column space of any time parameterization with
an intercept term, then by Theorem 1, all such time parameteri-
zations yield the same variance expression for both discrete- and
continuous-time model formulations. We cannot make as gen-
eral a conclusion about time parameterizations for the stepped
wedge and parallel with baseline designs, however, as the corre-
sponding vectors

∑N
i=1 Xi have a more complex form. For the

two specific discrete time parameterizations we consider, one
with categorical period effects and the other with a linear trend,
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both parameterizations yield the same variance expression for
the stepped wedge design, but they do not yield the same vari-
ance expression for the parallel with baseline design.

While the reduced variance expression does not contain Z, it
still contains the matrix V, the covariance matrix for a cluster.
We note in Section 3.1 that if we were in the fortunate position
at the trial planning stage of being able to estimate the variance
components that make up V using data related to the trial
setting, then the chosen time parameterization in the model we
fit to these data would still affect the estimated parameter values
and the resulting variance. However, it will often be the case that
the variance components will be assumed based on similar past
studies, in which case once these values are chosen, V would
remain fixed. Then for any time parameterizations we may
consider that satisfy the column space condition, the evaluated
variance of the treatment effect estimator values would be the
same, yielding identical sample size calculations.

We have made the assumption that the trial data will be suf-
ficient to estimate all model parameters at the analysis stage, yet
this may not always be the case. Some time parameterizations
we might consider could have a large number of parameters to
estimate, for example, categorical period effects for a trial with
a large number of periods. Estimating a large number of time
effects could be problematic for trials with a modest sample size,
such as those with a small number of clusters or small cluster
sizes. In these situations, time parameterizations with a smaller
number of parameters would be preferred to ensure that all
parameters in the model can be reliably estimated.

Appendix A: Checking Column Space Condition in
Practice

To determine whether the sum of the treatment sequences vector∑N
i=1 Xi is in the column space of a time parameterization matrix Z

for a particular trial configuration in practice, readers can make use of
the following result (Strang 2006, p. 163):

∑N
i=1 Xi is in the column

space of Z if and only if PZ
(∑N

i=1 Xi
)

=
(∑N

i=1 Xi
)

, where PZ =
Z(Z′Z)−1Z′.

Then for a given vector
∑N

i=1 Xi and matrix Z, simply construct the
matrix PZ and post-multiply PZ by

∑N
i=1 Xi.

Appendix B: Example R Code to Check Column Space
Condition

## Trial configuration: Stepped wedge design,
## 30 clusters, 4 periods
## Two different time parameterizations could
## be appropriate:
## (1) Categorical period effects or
## (2) Linear trend
## Setup
# Define sum of the treatment sequences vector
x <- 10*matrix(seq(0,3), 4, 1)
# Define time parameterization option 1:
# categorical period effects
Z1 <- diag(4)
# Define time parameterization option 2:
# linear trend
Z2 <- cbind(rep(1,4), seq(1,4))

## Check time parameterization Z1
# Step 1. Construct projection matrix, P_Z1
P_Z1 <- Z1 %*% solve(t(Z1) %*% Z1) %*% t(Z1)
# Step 2. Calculate P_Z1 x
P_Z1 %*% x
# P_Z1 x = x, so x is in the column space of Z1

## Check time parameterization Z2
# Step 1. Construct projection matrix, P_Z2
P_Z2 <- Z2 %*% solve(t(Z2) %*% Z2) %*% t(Z2)
# Step 2. Calculate P_Z2 x
P_Z2 %*% x
# P_Z2 x = x, so x is also in the column space
# of Z2
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