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The data

• Rural women’s health clinic in western Fiji

• Cross-sectional study 2013-14

• n = 5,136 women aged ≥ 18 years

iTaukei (native Fijians) 48%
Fijians of Indian Descent (FID) 52%

• demographic, clinical variables observed

• two ethnic groups compared
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Number of births (parity)

• Parity compared across ethnic groups
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Relationship with age
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Relationship with age
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Relationship with age
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Childbearing effect

Relationship of parity with age

• Starts at zero

• Increases monotonically during the childbearing years

• Levels off once fertility ceases (≃ 40 years)

• S-curve

• We will model this part of the curve parametrically
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Generalized logistic function

y(x) =
k

(1 + e−bx)
w

• lower asymptote = 0

• k = upper asymptote

• b,w are slope and shift parameters

• k = b = w = 1 gives the standard logistic function

0 20 40 60 80 100 120

0
2

4
6

8
10

12

x

y

k

0 20 40 60 80 100 120

0
2

4
6

8
10

x

y

b

0 20 40 60 80 100 120

0
2

4
6

8
10

x

y

w

Heller Two-component model for number of births ViCBiostat 22 Sept 2016 7 / 33



Generalized logistic function

y(x) =
k

(1 + e−bx)
w

• lower asymptote = 0

• k = upper asymptote

• b,w are slope and shift parameters

• k = b = w = 1 gives the standard logistic function

0 20 40 60 80 100 120

0
2

4
6

8
10

12

x

y

k

0 20 40 60 80 100 120

0
2

4
6

8
10

x

y

b

0 20 40 60 80 100 120

0
2

4
6

8
10

x

y

w

Heller Two-component model for number of births ViCBiostat 22 Sept 2016 7 / 33



Generalized logistic function

y(x) =
k

(1 + e−bx)
w

• lower asymptote = 0

• k = upper asymptote

• b,w are slope and shift parameters

• k = b = w = 1 gives the standard logistic function

0 20 40 60 80 100 120

0
2

4
6

8
10

12

x

y

k

0 20 40 60 80 100 120

0
2

4
6

8
10

x

y

b

0 20 40 60 80 100 120
0

2
4

6
8

10

x

y

w

Heller Two-component model for number of births ViCBiostat 22 Sept 2016 7 / 33



Cohort effect

• Changes in parity after the childbearing years due to a cohort effect

• appears to be a postive trend, but

• we don’t want to put a parametric model on this trend

• use a smooth term
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The regression model
Negative binomial regression model for parity (y):

y ∣x ∼ NB(µ,σ)

µ =

k

(1 + e−bx)
w + s(x)

• x = age, k > 0, b > 0, w > 0

• for stability of computation we impose the constraint s(x) ≥ 0

• s(x) modelled with exponentiated B-splines.

• Could call this a semiparametric model but it is not semiparametric in
the usual sense.

Heller Two-component model for number of births ViCBiostat 22 Sept 2016 9 / 33



The regression model
Negative binomial regression model for parity (y):

y ∣x ∼ NB(µ,σ)

µ =

k

(1 + e−bx)
w + s(x)

• x = age, k > 0, b > 0, w > 0

• for stability of computation we impose the constraint s(x) ≥ 0

• s(x) modelled with exponentiated B-splines.

• Could call this a semiparametric model but it is not semiparametric in
the usual sense.

Heller Two-component model for number of births ViCBiostat 22 Sept 2016 9 / 33



The regression model
Negative binomial regression model for parity (y):

y ∣x ∼ NB(µ,σ)

µ =

k

(1 + e−bx)
w + s(x)

• x = age, k > 0, b > 0, w > 0

• for stability of computation we impose the constraint s(x) ≥ 0

• s(x) modelled with exponentiated B-splines.

• Could call this a semiparametric model but it is not semiparametric in
the usual sense.

Heller Two-component model for number of births ViCBiostat 22 Sept 2016 9 / 33



The regression model

• A two-stage iterative procedure for likelihood maximization is used:

1 parameters of the growth curve are estimated for fixed spline;

2 parameters of the spline are estimated for fixed growth curve.

• R function optim

• stable results obtained by initially setting the curve s(x) to zero, and
allowing the growth curve to dominate the solution in the region of
growth due to childbearing.
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Results
• The model was initially implemented on all women.
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• growth curve flattens off around the age of 40

• upper asymptote k̂ = 3.22

• cohort effect becomes active around the age of 50

• women currently ≥ 50 years were bearing children at a time when rates of

birth were higher than in the current cohort of childbearing women
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Results
• The model was initially implemented on all women.
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• growth curve flattens off around the age of 40

• upper asymptote k̂ = 3.22

• cohort effect becomes active around the age of 50

• women currently ≥ 50 years were bearing children at a time when rates of

birth were higher than in the current cohort of childbearing women
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Results
• The model was initially implemented on all women.
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• growth curve flattens off around the age of 40

• upper asymptote k̂ = 3.22

• cohort effect becomes active around the age of 50

• women currently ≥ 50 years were bearing children at a time when rates of

birth were higher than in the current cohort of childbearing women
Heller Two-component model for number of births ViCBiostat 22 Sept 2016 11 / 33
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Ethnicity effects
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Ethnicity effects

• Strong cohort effect for FIDs after age 50 years
• reduction in family size due to increased availability of contraception,

better health care

• Very small (no?) cohort effect for iTaukei

• lack of access to health care, contraception

• For the oldest women in our sample, mean parity for both ethnic
groups was around 4 births.

• FID: mean parity has decreased to 2.74 births in the current cohort of
childbearing women,

• iTaukei: higher parity persists at 3.71 births

• Seniloli (1992): “.. fertility is levelling off among Fijians and
consistently declining among the Indians in Fiji”.
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More on the S-curve

• Any S-curve could have been used

• All CDFs (of continuous distributions) are S-curves

• This opens up a huge range of possibilities

• Derivative of the CDF: density function

• Parity is cumulative

• Derivative of growth curve gives incidence of births (approximately)
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Incidence of births

Generalized logistic function

F (x) =
1

(1 + e−bx)
w

F ′
(x) = f(x) =

bw e−bx

(1 + e−bx)w+1
Type I generalized

logistic distribution
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Incidence of births
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Incidence of births: Fiji data
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Incidence of births

• We can pick any continuous density to describe the incidence of
births

• Symmetry seems an unnecessary assumption

• Beta distribution has desirable features:

• bounded range;
• left- or right-skewed.
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Beta densities
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Childbearing model based on Beta CDF

The S-curve we use is

y(x) = k ⋅ F (x ∣α,β, `, u)

where F (⋅) is the CDF of the Beta distribution defined on (`, u):

f(x) =
1

B(α,β)(u − `)α+β−1
(x − `)α−1(u − x)β−1 ` < x < u

We expect the interval (`, u) to be the childbearing years, i.e. something
like (18, 40).
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Childbearing model based on Beta CDF

Parameters in childbearing component of model: k,α, β, `, u

Parameter iTaukei FID

k̂ 3.4 2.4
α̂ 0.9 1.2

β̂ 1.1 2.6
ˆ̀ 18.5 18.9
û 39.0 45.0

Heller Two-component model for number of births ViCBiostat 22 Sept 2016 22 / 33



Childbearing model based on Beta CDF

Parameters in childbearing component of model: k,α, β, `, u

Parameter iTaukei FID

k̂ 3.4 2.4
α̂ 0.9 1.2

β̂ 1.1 2.6
ˆ̀ 18.5 18.9
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Childbearing model based on Beta CDF
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Childbearing model based on Beta CDF
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US 2006 data
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Comparing birth incidences over studies

Fiji US
Parameter iTaukei FID 1970 2006

k̂ 3.4 2.4 2.9 2.0
α̂ 0.9 1.2 2.2 2.3

β̂ 1.1 2.6 2.2 3.0
ˆ̀ 18.5 18.9 15.0 15.0
û 39.0 45.0 35.9 42.6
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Comparing birth incidences over studies
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